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Momentum Transfer in Two-Rotor Gyrostats

Christopher D. Hall*
U.S. Air Force Institute of Technology, Wright—Patterson Air Force Base, Ohio 45433

The orientation of a spacecraft can be changed efficiently by transferring angular momentum between the
platform and internal momentum wheels using internal torques. The speed of such maneuvers depends on the size
of the internal torques and may be limited by the effects of excitation of any flexible elements of the spacecraft.
The internal torques required to accomplish such maneuvers arise in various forms. Three types of torque are
considered: constant torques for a simple momentum transfer, viscous torques attributable to bearing friction,
and time-varying torques defined by a suitable control law. A previously developed graphic result for single-rotor
gyrostats is extended to the multiple-rotor case and used to illustrate the different trajectories for the two-rotor
gyrostat. A novel feature is the development of stationary-platform rotational maneuvers in which the platform’s
angular velocity is small throughout the maneuver. These maneuvers are based on a simple control law and are

not restricted to small angles.

Introduction

T is possible to reorient a torque-free rigid body by transferring

angular momentum between the body and internal momentum
wheels or rotors using internal torques. If the rotors are axisym-
metric and constrained to relative rotation about their symmetry
axes, then the system is called a gyrostat, and as described below,
some analytical results are available. If the rotors are asymmetric,
unbalanced, or both, then resonances may occur that increase the
likelihood of failure of a momentum transfer maneuver, especially
if the internal torques are small. These failures have been studied
by numerous researchers.

Several aspects of momentum transfer in two-rotor gyrostats are
studied here. We consider three specific cases: both rotors torqued
by constant-torque motors; one rotor torqued by a constant-torque
motor with the other experiencing only a viscous damping torque;
and both rotors subject to time-varying torques based on a simple
control law. The time-varying torque control law is based on a novel
approach that leads to stationary-platform maneuvers. The control
law makes possible large-angle rotational maneuvers in which the
angular velocity of the body remains small throughout the maneuver.

Momentum-transfer approaches involving gyrostat models have
been developed by many researchers. Anchev? derived a control law
for maneuvering a three-rotor gyrostat from the gravity-gradient
equilibrium orientation to one of the orbiting gyrostat equilib-
ria. Barba and Aubrun® used an energy approach to describe the
spinup maneuver for an axial gyrostat with constant internal torque.
Hubert*> extended their work with the addition of energy dissipa-
tion by a viscously damped rotor. Vigneron and Staley® designed
a switching control strategy to minimize the final nutation angle.
Hall and Rand’ reduced the spinup problem for axial gyrostats to
the study of a single first-order equation. Hall extended this to in-
clude arbitrary rotor alignment® and later to include multiple rotors.’
Hall® also includes a survey of the literature on momentum transfer.
Krishnan et al.'” studied the control of a zero-momentum two-rotor
gyrostat.

Alarge body of work on the optimal control of momentum transfer
has been contributed by Junkins and colleagues. Much of this work is
combined in a consistent notation in the monograph by Junkins and
Turner.!! In particular, they compare Barba and Aubrun’s maneuver?
with an optimal control solution that minimizes the final angular
velocity of the platform and the total control torque.!! The two
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solutions are similar, but the Barba and Aubrun approach has the
advantage of simplicity because the torque is constant. Thus the
constant-torque maneuver provides a nearly optimal solution to
the given momentum transfer problem for axial gyrostats. Note that
the success of this maneuver depends on the use of a small torque;
thus the maneuver is not time-optimal. For multiple-rotor gyrostats,
constant-torque maneuvers may be nearly optimal for some situ-
ations, but are decidedly not for others. The stationary-platform
maneuvers developed here provide nearly optimal solutions to the
problem of slowly reorienting a multiple-rotor gyrostat from one ori-
entation to another while simultaneously minimizing the platform
angular velocity and the control effort.

Equations of Motion

Although we are interested in two-rotor gyrostats here, no com-
plexity is added by first developing the equations of motion for an
N-rotor gyrostat. Hence, we begin with the equations of motion
for a gyrostat consisting of a rigid platform with N axisymmetric
rotors. Internal torques are available to change the angular momen-
tum of the rotors, which in general results in a change in orienta-
tion and angular velocity of the platform. As in previous work,>®
we use dimensionless variables. The N-rotor gyrostat model is de-
picted in Fig. 1, where P denotes the asymmetric platform and
R; denotes the jth rotor, which is constrained to rotate relative
to P about the rotor symmetry axis @;. The gyrostat is denoted
by P+ R. Referring to Fig. 1, we define the following symbols:

a;

Fig.1 N-rotor gyrostat model.
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= axis of relative rotation of R;, fixed in F;,
j=1...,N
= orthonormal basis for 7,,i = 1,2,3
= reference frame fixed in P
= inertial reference frame
= moment of inertia tensor of P + R about O
s =diagonal N x N matrix of axial moments of inertia of
rotors
= mass center of P + R and origin of 7,
= angular velocity of F, relative to F;
y = N x 1 matrix of rotor angular velocities relative to F,

CRC,

N~
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All variables and parameters are dimensionless.®® All vectors and
tensors are expressed in a platform-fixed nonprincipal frame F,,
and the axial vectors a; are collected as columns of a 3 x N matrix
A = [a; - - - ay]. The nonprincipal frame is chosen so that the matrix
J =TI —AILAT is diagonal. The dimensionless angular velocity of
the platform may be expressed as

w=J"x—-Ap M

where x is the angular momentum vector and g is the N x 1 vector
of rotor momenta relative to inertial space. The torque-free kinetic
equations of motion for this system may be put into a dimensionless,
noncanonical Hamiltonian form as

x=x"VH 2)

P 3)

where H is the Hamiltonian and ¢ is the N x 1 vector of torques
applied to the rotors by the platform. The angular-momentum vec-
tor is normalized to unit length, based on conservation of angular
momentum, which is expressed as

C=x"x/2=1 (4)

The V operator is with respect to the dimensionless angular mo-
mentum x, and the Hamiltonian H is

H=%"J"%~py AT 2 + f(O) 5)
which satisfies
) 8H
H=el——=—-eTATJ x 6)
i

Note that the f(C) in the definition of the Hamiltonian represents
an arbitrary function of C, which may be used to simplify the
Hamiltonian. As shown elsewhere,? the fact that VC lies in the
null space of x* implies that addition of this term has no effect on
the equations of motion.

Equation (2) is a noncanonical Hamiltonian system. If e = 0, itis
both autonomous and integrable. If € = const # 0, Eq. (3) is directly
integrable, and Eq. (2) is nonautonomous because H depends on gt.
In this case, the method of averaging can be used to reduce the
equations of motion to a single first-order differential equation.”®

- In other cases of interest, some of the torques may be constant, some
may depend on the gyrostat angular momenta through a suitable
feedback control law, and others may depend on the relative rotor
momenta attributable to viscous damping.

If one or more viscously damped rotors are used to provide en-
ergy dissipation, then a damped rotor, say R ;, normally will come
to rest eventually relative to the platform; i.e., that rotor’s relative
angular velocity w,; tends to O as ¢ — oo. The damping torque for
a viscously damped rotor is easily shown to be

&; = —yi[n; — I;ald ' (x — Aw)) ()

where y; > 0 is a dimensionless damping coefficient and the term
in brackets is the angular momentum of R; relative to P, I;w;.

The all-spun condition, also called the locked-rotor condition be-
cause all of the rotors are at rest relative to the platform, is defined
by w, = 0, which leads to

p,, =LATI x ®)
This corresponds to a rigid body with inertia I and is the starting

condition for an initial attitude acquisition maneuver. To compute
u,, for steady spins, we use the principal frame of the gyrostat,

because I is diagonal, and the rigid body equilibria are simply steady
spins about the principal axes.

Another useful state is the stationary-platform condition, wherein
the platform is fixed in inertial space and all the angular momentum
is in the rotors. This condition is defined by w = 0, which, from
Eq. (1), leads to

X =Ap )
Not all values of p admit a stationary platform, however. Because

conservation of angular momentum requires x”x = 1, a necessary
condition for a stationary platform is that the rotor momenta satisfy

plATAp, =1 (10)

The quadratic form on the left-hand side of Eq. (10) is positive def-
inite, so that Eq. (10) defines an ellipsoid in the N-dimensional p
space. This condition is used below to develop stationary-platform
rotational maneuvers. For given g satisfying Eq. (10), the stationary-
platform system angular momentum is uniquely determined by
Eq. (9). However, the gyrostat attitude is only determined to within
a rotation about the angular-momentum vector.

Although the results in the remainder of the paper are relevant
to N-rotor gyrostats, we illustrate the basic ideas using a specific
gyrostat with N = 2. The dimensionless parameters of the two-
rotor gyrostat used for the numerical calculations are as follows:
The principal moments of inertia are (100, 70, 40)/210. The ro-
tor axial moments of inertia are I;; = 15/210 and I, = 5/210.
(The divisor 210 is the characteristic moment of inertia tr I used
in the nondimensionalization.®) The rotor axis vectors in the prin-
cipal frame are @ = /3(1,1,1)/3 and a, = (—1, —2,2)/3. The
rotation matrix that diagonalizes J = I — ALLAT is

09827 0.1707 0.0722
Q= -0.1776 09785 0.1045 (11
~0.0528 —0.1156 0.9915

The diagonal elements of J in this frame are (0.4560, 0.2954,
0.1533). The rotor axis vectors in the nonprincipal frame are @, =
(0.4343, 0.5968, 0.1905) and a, = (—0.2444, —0.7863, 0.5675).
For computing H, we use f(C) = —C/J,.

Slow State Space

In the case where € = 0, the equations of motion are integrable.
Furthermore, there are either two, four, or six steady spins, depend-
ing on the values of the rotor momenta p. Each steady spin has
associated with it the values of the components of g and the value
of the Hamiltonian, and these can be used to construct a bifurcation
diagram in g H space. The pH bifurcation diagram for the exam-
ple two-rotor gyrostat is shown in Fig. 2. The surfaces shown in this
figure are restricted to o > 0, u + 3 < 0.4 for clarity. Some of
the surfaces extend to infinity in the w; and u, directions. Calcula-
tion of the surfaces uses Euler-Newton continuation'? as described
elsewhere.®?

The surfaces are identified by the ;¢ = 0 equilibria from which
they emanate. For ¢ = 0, the gyrostat is equivalent to a simple
rigid body with inertia matrix J, and the equilibrium motions are
steady spins about the principal axes of this fictitious body. We
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Fig. 3 Exploded view of the three pairs of equilibrium surfaces.

assume without loss of generality that J, > J, > J3, in which case
x = (£1, 0, 0) correspond to stable steady spins about the major or
oblate axis. Similarly, x = (0, 0, 1) correspond to stable steady
spins about the minor or prolate axis and x = (0, 1, 0) correspond
to unstable steady spins about the intermediate axis. The symbols
0%, U£, and P are used to denote oblate, unstable, and prolate. The
superscripts & identify which of the two possible pz = 0 equilibria
the surface emanates from, and the subscript 1 denotes that the
equilibrium depends on the specific values of u. For example, the
Oj; surface includes the p = 0 equilibrium corresponding to a steady
spin about the b, axis. The three pairs of surfaces are shown in an
exploded view in Fig. 3. The surfaces can be identified with the
equilibria as shown on momentum spheres.!3

The equilibrium surfaces are useful in a number of ways. As in
the single-rotor case, the surfaces in the ptH space constitute a bi-
furcation diagram, illustrating the changing number of equilibria as
the rotor momenta g are varied. In the undamped, unperturbed sys-
tem (¢ = 0), the O;; and P;; surfaces correspond to stable equilibria
(centers) and the Uﬁ surfaces correspond to unstable equilibria (sad-
dles). The cusplike structures in Fig. 2 correspond to turning points
in the full phase space of the system, where saddles and centers co-
alesce and disappear. In the presence of damping, but with no motor
torque [g; = 0, &, defined by Eq. (7)], equilibria in the Oi surfaces
become asymptotically stable, and the P,f surfaces become unsta-
ble, similar to the rigid body with energy dissipation. This is entirely
analogous to the well-known major-axis rule for quasirigid bodies.'?

In the case where the motor torques are all small constants, it can
be shown using averaging’~® that the pH space is an approximate
slow state space for the system. The surfaces of equilibria contain ex-
act solutions to the averaged equations, and initial conditions in this
space lead approximately to unique trajectories in the slow space,
as long as no resonance zones are traversed. The resonance zones
correspond to the separatrices of the € = 0 system, and thus to the
U? equilibrium surfaces.

Thus, with small constant motor torques, any trajectory beginning
near a stable equilibrium surface will remain near the surface unless
one of the turning points is encountered. Such an encounter is called
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an instantaneous separatrix crossing or passage through resonance
and typically results in a large amplitude motion of the platform.
This is strictly valid only for small constant torques but gives quali-
tatively correct results for torques that vary slowly with time as well.

If &, is a small constant, &, is a viscous damping torque given
by Eq. (7), and the initial condition is near an asymptotically stable
equilibrium (Of), then the trajectory also will remain near the sur-
face. Again, it is possible that a separatrix crossing will lead to large
oscillations, but the damping will lead to an asymptotically stable
equilibrium surface.

A final case of interest is based on the stationary-platform condi-
tion, x = A, where the gyrostat is in equilibrium and the platform
is not rotating (w = 0). Because x"x = 1, this gives a quadratic-
form condition [Eqgs. (9) and (10)] on p leading to a connected set
of equilibria corresponding to a motionless platform. If the torques
€ are chosen so that the rotor momenta g remain in this set, then
the gyrostat can be reoriented through large angle maneuvers while
maintaining small oscillations of the platform. Note that this does
not completely address the reorientation problem, because the pre-
cession about the angular-momentum vector is not determined.

Momentum-Transfer Dynamics

In this section, we present numerically computed momentum-
transfer trajectories for the example two-rotor gyrostat, using the
equilibrium surfaces in u o H space as a framework to discuss the
trajectories. Three specific cases are considered: constant torques,
one constant torque with the other attributable to viscous damping,
and controlled torques for stationary-platform maneuvers.

Constant Torques

Constant motor torques might be used in an initial attitade acqui-
sition maneuver, where the angular momentum is transferred from
the platform to the rotors. The Barba and Aubrun® maneuver, for
example, is a nearly optimal constant torque maneuver for a single-
rotor axial gyrostat. In the example used here, the rotors are initially
in the all-spun condition, defined by Eq. (8). Four of the all-spun
equilibria are the major and minor axis spins, which are all reason-
able initial conditions for a momentum-transfer trajectory. The other
two are intermediate axis spins that would require external torques
for stabilization and hence are not of interest here.

One trajectory is shown in Fig. 4, beginning at the stable all-
spun equilibrium on the O: surface. The spinup torques are € =
(0.01, 0.01). Note that the trajectory remains near the O;: equi-
librium surface. The trajectory for the O} all-spun equilibrium is
shown in Fig. 5. Note that the surface ends (in a bifurcation) before
the trajectory does. Thus this trajectory is no longer near an equi-
librium surface. The departure is associated with the instantaneous
separatrix crossing. To illustrate the significance of the difference
between the two types of trajectories, in Fig. 6 the b; components
of the angular velocity for the two trajectories are compared. The
O}, trajectory oscillates with much larger amplitude because of the
separatrix crossing. A simple scheme has been suggested for avoid-
ing this resonance zone.'*
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Fig. 4 O;'L equilibrium surface with constant-torque trajectory begin-
ning at all-spun condition.
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Fig.6 Comparison of w; for the trajectories in the previous two plots.

Constant Torque and Viscous Damping Torque

This case is relevant for a number of applications. A viscously
damped rotor could actually be used to provide the energy dissipa-
tion onboard a spacecraft with momentum wheels, the damped rotor
could be a simple model of a ring damper filled with viscous fluid, or
a failed motor could result in a damped momentum wheel. Hubert’
used a viscously damped rotor to model the energy dissipation in
a dual-spin spacecraft. The limiting case where the damped rotor’s
axial inertia goes to zero could be used to provide analytical results
for the energy-sink hypothesis.

Here we illustrate the effects of the damped rotor by showing
trajectories in the slow state space. It is possible to show that some
equilibria on the Oj equilibrium surfaces in the ptH space become
asymptotically stable in the presence of energy dissipation, whereas
the Pt surfaces become unstable. More precisely, for a fixed constant
value of ¢/, the all-spun condition for R, determines an asymptot-
ically stable equilibrium on at least one of the two Oi surfaces. For
example, if u; = 1, then x = a,, u, = 0, is an asymptotically
stable equilibrium for ¢; = 0, as may be shown by checking the
eigenvalues of the linearized system.

In Fig. 7, we show two trajectories beginning at the P, all-spun
initial condition. For both trajectories, &, = 0.01. For one of the
trajectories, only R, experiences an axial torque; i.e., &, = 0. For
the other trajectory, R, experiences an axial torque attributable to
viscous damping, with y, = 1, as defined by Eq. (7). Referring to
the figure, it is easy to see that the stability of the P, surface in the
undamped case is destroyed by the addition of energy dissipation.
The trajectory with damping is attracted to the O} surface, which
is asymptotically stable in the presence of damping.

Stationary-Platform Maneuver Torques

In this section, we develop and demonstrate the concept of
stationary-platform maneuvers. By combining the g H description
of momentum transfer with the stationary-platform conditions in
Egs. (9) and (10), we obtain a simple control law based on the

: H1
2 15 !

Fig. 7 P, and O; equilibrium surfaces, with trajectories starting at
P, all-spun condition.

H2

1

Fig. 8 Stationary-platform ellipse in ;12> plane.

following idea: If the torques are small, but not necessarily constant,
then it is reasonable to suppose that the qualitative results obtained
by averaging will remain valid. Under this hypothesis, trajectories
that start on or near a stable equilibrium surface in ptH space will
remain near the equilibrium surface as long as no resonance zone
(instantaneous separatrix) is traversed. If the initial condition is also
near a stationary-platform equilibrium (w = 0) and the torques
are chosen so that the trajectory in p space satisfies the stationary-
platform condition (u”ATAp = 1), then the angular velocity of the
platform will remain small throughout the maneuver. The advantage
of such a trajectory is that the small platform angular velocities are
less likely to excite vibrations in flexible components. Of course, the
platform is not actually stationary during the maneuver. The term is
used to indicate that the motion remains near a stationary-platform
equilibrium of the € = 0 system.

For stationary-platform maneuvers, we assume initial conditions
onx and p that satisfy Eqs. (9) and (10);i.e., x =Apand u”TATAp =
1. (Note that for N > 3, and rank A = 3, any platform orientation is
possible.) Then the spinup torques € are chosen such that the con-
dition on p is satisfied throughout the maneuver. Differentiation of
Eq. (10) with respect to time shows that any e that is orthogonal to
AT Ap will yield such a maneuver. As noted earlier, Eq. (10) defines
an ellipsoid in the N-dimensional p space, which can be thought of
as an elliptic cylinder in the (N + 1)-dimensional ;«H space. Thus
the torque vector € must lie in the tangent space of the ellipsoid. For
the N = 2 case, the ellipsoid is a simple ellipse, and the trajectory
in p space simply traces the ellipse, as illustrated in Fig, 8.

The intersection of the elliptic cylinder with the cquilibrium sur-
facesin g H spaceincludes the set of all possible stationary-platform
equilibria; however, because Eq. (9) also must be satisfied, the in-
tersection includes equilibria for which the platform is not station-
ary. The set of stationary-platform equilibria is in the O:—: surfaces



Direct
maneuver

Initial condition

condition maneuver

H2 ’ 1

15 -2

Fig. 9 Stationary-platform trajectory compared with direct momen-
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exclusively. For the two-rotor case, it is straightforward to verify
that the set of stationary-platform equilibria is the intersection of
the elliptic cylinder uj + 2a{arp o + 3 = 1 and the O sur-
faces.

For the example here, we choose initial and final conditions where
all of the angular momentum is in one of the rotors: Initially, R,
contains all of the angular momentum, and at the end of the ma-
neuver, the momentum has been transferred to R,. Thus we begin
with ¢ = (1,0) and x = a,, and the desired final conditions are
p = (0, —1) and x = —a,. This amounts to a slightly greater than
100-deg rotational maneuver.

This maneuver could be accomplished with constant spinup
torques; i.e., a reasonable choice for the spinup torques would be
e = e(—1, —1), where € is a small positive constant (¢ = 0.01 in
the example). This set of spinup torques gives a straight-line trajec-
tory in the p, . plane, corresponding to the curved trajectory on
(actually just close to) the O surface, as shown in Fig. 9. No sep-
aratrix crossing occurs, and the averaging results mentioned above
are formally valid in this case.

A stationary-platform maneuver for N = 2 is obtained with the

torque
alTa2 1 12
E=¢€
1 —dla [ (12)

where € is a small constant that may be positive or negative, depend-
ing on which way around the ellipse the trajectory should go. Be-
cause g lies on the ellipse, it is clear that the torque is bounded, i.e.,
llell = OC(e). The torque gives an ellipse-segment trajectory in the
441 142 plane or the trajectory in the slow state space shown in Fig. 9.
The value ¢ = 0.015 was chosen so that the stationary-platform
and direct maneuvers take about the same amount of time. The two
trajectories are clearly different, as shown in the figure, but the differ-
ence, as well as the significance of the stationary-platform approach,
is most evident when the angular velocities are plotted vs time, as
in Fig. 10, where w; is plotted for the two trajectories. Here it is
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evident that the stationary-platform trajectory results in a uniformly
smaller amplitude of the angular velocity. The other two components
of angular velocity behave similarly. Thus the stationary-platform
maneuver provides a means of executing a large-angle rotational
maneuver while maintaining a small platform angular velocity. If
a third, viscously damped, rotor is added, the stationary-platform
equilibria become asymptotically stable and the small angular ve-
locity damps out after the maneuver. This is explored in more detail
elsewhere.'

Note that Eqs. (3) and (12) constitute a constant-coefficient lin-
ear system that can be solved in closed form and is decoupled from
the platform dynamics. Thus the stationary-platform maneuver is
an easy-to-implement open-loop maneuver that is nearly optimal
in two ways: the platform angular velocity is small throughout the
maneuver, and the motor torque is small throughout the maneuver,
because |le|| = Of(e). Furthermore, because p can be expressed
in terms of the platform angular velocity w and the rotor rela-
tive angular velocities w;, one could implement the maneuver as
a closed-loop control. Questions regarding the stability of a closed-
loop stationary-platform maneuver in the presence of uncertainties
and disturbances have not been addressed.

Conclusions

The attitude dynamics of momentum transfer in multiple-rotor
gyrostats are more easily understood when presented in the context
of the slow state space of the rotor momenta and the Hamiltonian.
In the two-rotor case, the slow state space is three dimensional, and
trajectories can be visualized relative to the equilibrium surfaces.
This is useful for identifying the possibility of passage through res-
onance zones where large oscillations may occur. Previously un-
reported stationary-platform maneuvers are possible, wherein the
angular velocity of the platform remains small throughout the reori-
entation. These maneuvers are based on a simple, nearly optimal,
control Jaw for the momentum-transfer torque, and are not limited
to small-angle orientation changes.
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